We present a model of opinion dynamics in which agents adjust continuous opinions as a result of random binary encounters whenever their difference in opinion is below a given threshold. High thresholds yield convergence of opinions towards an average opinion, whereas low thresholds result in several opinion clusters. When thresholds are heterogeneous, different clustering time scales are observed: on the long run clustering depends on the higher thresholds. Whenever threshold themselves evolve, opinion clustering is driven by threshold dynamics.
Introduction
Many models about opinion dynamics [FOL 74] , [ART 94] , [ORL 95] , [LAT 97] , [WEI 99] , are based on binary opinions which social actors update as a result of social influence. Binary opinion dynamics under imitation processes have been well studied, such as the herd behaviour described by economists [FOL 74] , [ART 94] , [ORL 95] . One expect that in most cases the attractor of the dynamics will display uniformity of opinions, either 0 or 1, when interactions occur across the whole population. Clusters of opposite opinions appear when the dynamics occur on a social network with exchanges restricted to connected agents. Clustering is reinforced when agent diversity, such as a disparity in influence, is introduced, [LAT 97], [WEI 99] .
the actual opinion of the other agents, about the "value" of a choice: "establish one's opinion according to what the others think or at least according to what they say".
There exist for instance, well documented empirical studies about social norms concerning sharing between partners. Henrich etal (2001) compared through experiments shares accepted in the ultimatum game and showed that people agree upon what a "fair" share should be, which can of course vary across different cultures. Young and Burke (2000) report empirical data about crop sharing contracts, whereby a landlord leases his farm to a tenant laborer in return for a fixed share of the crops. In Illinois as well as in India, crop sharing distributions are strongly peaked upon "simple values" such as 1/2-1/2 or 1/3-2/3. The clustering of opinions about "fair shares" is the kind of stylised fact that our model tries to reproduce. More generally, we expect such opinion dynamics to occur in situation where agents have to make important choices and care to collect many opinions before taking any decisions: technological change might often be such case. The present paper was motivated by changes towards environmental-friendly practices in agriculture under the influence of the new Common Agricultural Policy in Europe.
The a priori guess for continuous opinions dynamics is also homogenisation (as for binary opinions), but converging towards average initial opinion [LAS 89].
The purpose of this paper is to present results concerning continuous opinion dynamics subject to the constraint that convergent opinion adjustment only proceeds when opinion difference is below a given threshold. The rationale for the threshold condition is that agents only 3 interact when their opinions are already close enough; otherwise they do not even bother to discuss. The reason for such behaviour might be for instance lack of understanding, conflicting interest, or social pressure. The threshold would then correspond to some openness character. Another interpretation is that the threshold corresponds to uncertainty: the agents have some initial views with some degree of uncertainty and would not care about other views outside their uncertainty range.
We will here give results concerning homogeneous mixing across the whole population in the presence of a distribution of thresholds and when thresholds themselves are adjusted as a result of the dynamics.
A previous paper [DEF00] reported results on mixing across a social network and very similar dynamics concerning binary vectors of opinions.
The basic case: Complete Mixing and one fixed threshold
Let us consider a population of agents with continuous opinion . We start from an initial distribution of opinions, most often taken uniform on [0,1] in the computer simulations. At each time step any two randomly chosen agents meet. They re-adjust their opinion when their difference in opinion is smaller in magnitude than a threshold . Suppose that the two agents have opinion and and that ; opinions are then adjusted according to:
where is the convergence parameter whose values may range from 0 to 0.5.
(1)
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The evolution of opinions may be mathematically predicted in the limiting case of small values of [NEA 00]. Time variations of opinions' density obey the following dynamics:
This implies that starting from an initial distribution of opinions in the population, any local higher opinion density is amplified. Peaks of opinions increase and valleys are depleted until very narrow peaks remain among a desert of intermediate opinions.
For finite thresholds, computer simulations show that the distribution of opinions evolves towards clusters of homogeneous opinions (at large times). For large threshold values ( ) only one cluster is observed at the average initial opinion. Figure 1 represents the time evolution of opinions starting from a uniform distribution of opinions.
Figure:
Time chart of opinions ( ). One time unit corresponds to sampling a pair of agents.
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For lower threshold values, several clusters can be observed: their number varies as the integer part of (to be further referred to as the "1/2d rule", see
[DEF00] for more details).
In the case of interactions across a social network, the number of clusters is increased; clustering can even get extreme in the case of vectors of opinions (see [DEF00] for more details).
The above results where obtained when all agents have the same threshold. We want to know how the dynamics get changed: when one introduces a distribution of thresholds in the population; when the thresholds themselves obey some dynamics.
Heterogeneous constant threshold
Of course, supposing that all agents use the same threshold to decide whether to take into account the views of other agents is only an approximation. When heterogeneity of thresholds is introduced, some new features appear. To simplify the matter, let us take the case of a bimodal distribution of thresholds, for instance 8 agents with a large threshold of 0.4 and 192 with a narrow threshold of 0.2 as in figure 3. One observes that on the long run convergence of opinions in one single cluster is achieved due to the presence of the few "open minded" agents (the single cluster convergence time is 12000, corresponding to 60 iterations per agent on average, for the parameters of figure 3 ). But on the short run, a metastable situation with two large opinion clusters close to opinions 0.35 and 0.75 is observed due to narrow minded agents, with open minded agents opinions fluctuating around 0.5 due to interactions with narrow minded agents belonging to either high or low opinion cluster. Because of the few exchanges with the high agents, low agents opinions slowly shift towards the average until the difference in opinions between the two clusters falls below the low threshold: at this point the two clusters collapse.
This behaviour is generic for any mixtures of thresholds. At any time scale, the number of clusters obeys a "generalized 1/2d rule":
On the long run clustering depends on the higher threshold; On the short run clustering depends on the lower threshold;
The transition time between the two dynamics is proportional to the total number of agents and to the ratio of narrow minded to open minded agents.
Threshold Dynamics
Let us interprete the basic threshold rule in terms of agent's uncertainty: agents take into account others' opinion on the occasion of interaction because they are not certain about the worthiness of a choice. They engage in interaction only with those agents which opinion does not differ too much from their own opinion in proportion of their own uncertainty. If we interprete the threshold for exchange as the agent uncertainty, we might suppose with some rationale that his subjective uncertainty decreases with the number of opinion exchanges. Any opinion exchange can be interpreted in an information diffusion context, at least by the agent: taking opinions from other agents could be considered as updating information by sampling a distribution of opinions. After any information exchange, agents would shift their opinion AND decrease their subjective uncertainty.
Within this interpretation, a "rational procedure" (in the sense of Herbert Simon) for the agent is to simultaneously update his opinion and his subjective uncertainty. His opinion is updated by weighting his own previous opinion by , the other agents opinion by , with . Updating occurs when the difference in opinion is lesser than a threshold, but this threshold is now related to the variance of the distribution of opinions sampled by the agent. The same threshold condition applies to updating subjective uncertainty. After previous updates, the next updates of both opinion and variance are written: (3)
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Using the definition of variance as a weighted sum of squared deviations yields directly the second equation when one more opinion is taken into account.
The threshold is then updated in proportion of the standard deviation according to:
where is a constant parameter often taken equal to 1 in the simulations.
Maintaining constant corresponds to taking a moving average on opinions, while giving more importance to later collected opinions (short range memory). In that respect
can be re-written where expresses a characteristic number of opinions taken into account in the averaging process. A constant sampling would make sense in the case when the agent believes that there exists some slow shift in the distribution of opinions, whatever its cause and that older opinions should be discarded.
In the opposite case where an agent equally values collected opinions independently of how old they are, he should vary also according to :
Where is the number of opinions that have been collected (including his own opinion which he might count for several) before updating number . Both algorithms were tried in the simulations and give qualitatively similar results in terms of the number of attractors, provided that one starts from an initial number of supposed trials n(0) corresponding to the chosen for the constant case.
Scaling Constant
In the case of constant , a simplified computation valid in the limit of small predicts an exponential decay of thresholds. Neglecting the second term in the dynamics of variance 2 :
(5)
gives :
Writing as and approximating it as for large , we see that the variance decays exponentially with a characteristic time of and that the thresholds vary as:
A parallel estimation for the dynamics of convergence of opinions towards average opinion (corresponding to the attractor) can be made by replacing by in equation (3) describing the dynamics of . After substracting to both members, the deviation of opinions from their attractor can be written as :
Opinions also converge exponentially towards the attractor with the same time constant as variance.
Varying
Equivalent computations were also made for the case when varies as . For instance, the dynamics of variance is described by the following set of equations:
and with the same approximation as in eq. (5):
(8)
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The equivalent computation for the evolution of opinion deviation from the attractor also gives an hyperbolic decay:
The above expressions allow us to predict average trends for the dynamics of thresholds and opinions.
The variable appearing in the expressions is NOT time, but the number of ACTUAL updates of the agent opinions. The scaling laws, exponential or hyperbolic are the same for both since these two variables are proportional. When going from time to number of updates, one should take into account the frequency of sampling one agent and the probability of actually updating the agent which is proportional to the inverse number of attractors. With this caveat, the simulations results are in accordance with the above predictions. The scaling laws are different for constant and varying , with faster convergence (exponential) when is kept constant. But one should note that in both cases opinions dynamics follow the same scaling rules as thresholds dynamics: phenomena such as clustering should then be similar. The same dynamics of opinions and thresholds are to be observed in both conditions provided that the horizontal axis used to plot opinions for varying is warped to an exponential for constant . (14) 
Simulation Results

Large and
Large values of , close to one, e.g.
, correspond to averaging on many interactions. The observed dynamics is not very different from what we obtained with constant thresholds. The interpretation of large and is that the agent has more confidence in his own opinion than in the other agent with whom he is interacting, in proportion with . Figure 4 shows a typical plot with convergence of most opinions towards two large clusters,
The exponential decay of thresholds is also verified on figure 5 plotted for the same parameters values.
The observed decay constant on figure 5 is 1.7, slightly less than the theoretical prediction based on eq.9, 2.0, because equation 9 was established for thus neglecting the possible increase of variance due to interactions with other opinions. As predicted, the dynamics for varying is pretty similar as observed on figure 6 provided that time is warped by a log transform. The observed slope on figure 6 is not far from the predicted value, -0.5. Figure 6 : Power-law decay of averaged thresholds for varying ( initial ).
Small and
Page 10 de 17 Interacting agents and Continuous Opinions Dynamics A more complicated dynamics is observed for lower values of and . Apart from the expected main clusters, one also observes small clusters and even isolated individuals (outliers). These isolated clusters already appear at as seen on figure 7 around opinion 0.5. The origin of these isolated agents is due to randomness of: sampling the individual agents at various times; sampling the pairs, i.e. which pair of agent is sampled for possible interaction.
The time pattern of thresholds appearing as green bands on figure 7 give us some insight on these effects. One band corresponds to a given number of opinion exchanges experienced by the agents: the upper band corresponds to the variance after one exchange, the second upper to two exchanges and so on. The lower bound of a band corresponds to the result of interactions between very close opinions when the second term in equation 9 is negligible. The vertical width of a band is due to this second term, which relative importance to the first can be estimated from the figure: it is roughly 10 perc. (for ). The horizontal width of a band correspond to the fact that different agents are sampled at different times. Once more, rough evaluations made on figure 7 show that most agents have their first exchage between time 0 and 4000, and their fifth exchange between 1000 and 12 000. In other words, the time at which the interaction is accepted by an agent varies a lot! Red '+' represent opinions and green 'x' represent thresholds.
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When the decrease of threshold and the clustering of opinions is fast, those agents which are not sampled early enough and/or not paired with close enough agents can be left over from the clustering process. When they are sampled later, they might be too far from the other agents to get involved into opinion adjustment. The effect gets important when convergence is fast, i.e. when and are small.
Let us note that these agents in the minority have larger uncertainty and are more "open to discussion" than those in the mainstream, in contrast whith the common view that excentrics are opinionated! For and the parameters of figure 7, we found that mainstream agents in the two attractors account for 43 and 42 perc. of the population while 15 perc. are in the minority peaks.
The results of the dynamics are even more dispersed for lower values of . In this regime, corresponding to "insecure agents" who don't value their own opinion more than those of other agents, we observe more clusters which importance and localisation depends on the random sampling of interacting agents and is thus hard to predict as opposed to the other regime whith a small number of big clusters. Using a physical metaphor, clustering in this regime resembles quenching to a frozen configuration, thus maintaining many "defects" (e.g. here the outliers), while the opposite regime it resembles annealing (with suppression of defects).
In fact, one way to evaluate the influence of the two effects, randomness of the time at which agents are sampled from randomness of pairing, is to compare the standard random updating iteration that we have used to parallel updating: in a parallel updating, a random pair matching of all agents is first realised and all pairs are then updated simultaneously. Parallel updating then suppresses randomness of updating time: only randomness of pairing remains.
We found by comparing the two algorithms, random and parallel, for the same set of parameters, that parallel updating slightly reduces the number of outliers. We can then conclude that most of the observed disorder results from the randomness of pairing.
Distribution and Dynamics of thresholds
Finally, an obvious set of simulations to perform is to have a distribution of thresholds and to let these thresholds evolve according to one of the two rules constant or decreasing according to equation 2. . Clusters correspond to agents with larger threshold, outliers to thresholds close to 0.
Convergence times differ according to the size of the clusters: agents in large clusters have more occasions to update their opinion in proportion to the number of agents in the same cluster. Small clusters are then very long to get stabilised.
Conclusion
The basic lessons from these set of simulations is that most often the dynamical behaviour of mixed or evolving thresholds systems can be inferred from the basic single and fixed threshold system. The "1/2d" rule applies with some precaution.
For mixed threshold distribution, the long term behaviour depends upon the larger threshold. But short term behaviour, which might last for some significant time in Page 14 de 17 Interacting agents and Continuous Opinions Dynamics term of a socio-economic interpretation, is determined by the threshold of the most numerous population.
When one introduces dynamics on thresholds on the basis that agents interprete opinion exchange as sampling a distribution of opinions several phenomena are observed:
Two regimes depending on the amplitude of and are observed. For large and , when agents trust their own opinion more that the opinion of any other agent, the updating behaviour of opinion, thresholds and eventually of the relative weight of their own opinion, is smooth and the clustering behaviour is largely predictable, following the rule.
For small and , with relatively "insecure" agents, updating is irregular and unpredictable, resulting in more clusters than predicted by the rule.
Opinion quenching into clusters is fast, but the final convergence phase can be long since the effectiveness of encounters is inversely proportional to the number of clusters. Maintaining constant, (short term memory) or updating also each time a new opinion is collected does not change the outcome of the clustering process but changes the convergence time: constant yields a fast exponential convergence, while varying results in an hyperbolic convergence.
The present series of models is of course a strong simplification with respect to other numerous processes occurring in opinion dynamics. Several neglected mechanisms might also bias the results of the dynamics such as:
A given population of agents might have a distribution of eventually conflicting interests which could be translated in our formalism as initial clustering of opinions or at least a non-uniform distribution.
Opinions can also result from the combination of hypotheses which can already lead to different clusters because of conflicting interpretations.
In fact these more "realistic" features would even re-inforce the clustering process. We can then conclude that clustering into different opinions groups is the rule as soon as openness is limited below some value.
We took here a descriptive approach, but our results could also be used in a prescriptive manner, for instance when distributive decision making is necessary in some committee, or when an agency has to convince a large heterogeneous population of adopting a new policy.
